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pH ■ We study some properties of the Venereau polynomials fn~y + x"{xz + y{yu + z^)) G C[x, y, z, u], 

I— { ' a sequence of proposed counterexamples to the Abhyankar-Sathaye embedding conjecture. It is well 

known that these are hyperplanes, and for n > 3, they are C[a:]-coordinates. For n — 1,2, it is known 
that they become coordinates upon going modulo x or upon inverting x, and that they are 1-stable 
C[x]-coordinates. We show that /2 is in fact a C[x]-coordinate. We introduce the notion of Venereau- 
type polynomials, and show that these are all hyperplanes, coordinates upon going modulo x or upon 
\^ • inverting x, and stably tame, 1-stable C[2;]-coordinates. We show that some of these Venereau-type 

.^^ I polynomials are in fact C[a;]-coordinates; the rest remain potential counterexamples to the embedding 

• ■ and other conjectures. For those that we show to be coordinates, we also show that any automorphism 

i^H ' with one of them as a component is stably tame. 



1 Introduction 



CNJ ■ Let A (and all other rings) be a commutative ring with one throughout. An A-coordinate (if A is understood, 

^ \ we simply say coordinate] some authors prefer the term variable) is a polynomial / G A^"! for which there exist 

^^ ■ /2, ■ • ■ /n G ^["1 such that A[f, /2, . . . , /„] = ^'"'- It is natural to ask when a polynomial is a coordinate; this 

*vj \ question is extremely deep and has been studied for some time. There are several conjectures concerning the 

^\i ■ identification of coordinates. First, the well-known Embedding Conjecture asserts, in short, that hyperplanes 

I ' \ are coordinates: 

O ; Conjecture 1. (Abhyankar-Sathaye) Let A be a Q-algebra and f e A^"l If A^'''^ / (f) ^ A'^"-^^ then f is a 
coordinate of A^^' . 



This is known only for n ~ 2 with A a field. We remark that the condition of A being a Q-algebra is 

necessary, even with n = 2. 
^ , Another conjecture concerns stable coordinates. We say a polynomial / G ^1"' is a stable coordinate if / 

C^ ' is a coordinate in ^["■+'"1 for some to G N. If we want to be precise about the number of additional variables 

needed, we say / is an m-stable coordinate. 

Conjecture 2. Let A be a <Q-algebra and f G A^"^'. If f is a stable coordinate, then f is a coordinate. 

Finally, in the case oi A — C[x] (or a polynomial ring in one variable over any field containing Q), we 
have the following, which is a special case of the Dolgachev-Weisfeiler conjecture. 

Conjecture 3. Let f G C[x]["l. ///, the image of f modulo x, is a coordinate in C^"! and f is a coordinate 
in {C[x]xy''^' , then f is a C[x]- coordinate. 

The relationship between these three conjectures is essentially found in [5,, although not explicitly stated. 
It is simple to check that for any / satisfying the hypotheses of Conjecture [31 C[a;]["l is a pseudopolynomial 
algebra over C[x,f] (in the language of [5 , C[a;]["l is an affine prefibration over C[a;, /]); that is, for all 
p G SpecC[a;, /], C[a;]["l (g) k{p) = fc(p)["~-^l. Thus, the theorem of Asanuma 1 provides that Conjecture [5] 
implies Conjecture |3l When n < 3, Sathaye's theorem [9, (for n = 3) and a result of Eakin and Heinzer [6] 
(for n ~ 2), together with results of Bass, Council, and Wright [2 , give that Conjecture [1] implies Conjecture 
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In his thesis [TT] , Venereau constructed a family of polynomials /„ in 4 variables which he showed to be 
hyperplanes, coordinates upon going modulo x, and coordinates upon inversion of a;. He also showed that /„ 
is a C[a;]-coordinate when n > 3, but was unable to do so for n = 1, 2. These polynomials were written down 
independently by Berson in his thesis [21 as well. Freudenburg [7] showed that /i and /2 are both 1-stable 
coordinates, making them candidate counterexamples to all three conjectures. Since these polynomials were 
first constructed, many additional coordinate- like properties about them have been established (e.g. [S], [7], 

m)- 

In section 2, we show that /2 is a C[a;]-coordinate and highlight a key difference that distinguishes /i 
from the other /„, n > 1. In section 3, we write down a new, related family of polynomials g,„. These 
are of particular interest because of the observation that g2 is a C[x]-coordinate if and only if /i is as well. 
In section 4, we introduce the notion of a Venereau-type polynomial (of which the Venereau polynomials 
and the gm are examples), and show that all Venereau-type polynomials satisfy the hypotheses of these 
three conjectures; that is, they are all hyperplanes, coordinates modulo x and upon inverting x, and 1-stable 
coordinates. We show that a large class of them are in fact coordinates, but note there are many which still 
lurk as potential counterexamples. We also apply the recent results of [1] to obtain some interesting stable 
tameness results about these polynomials. 

2 The Venereau polynomials 

Throughout, we will let R ~ C[x], and let S be the localization S ~ C[x, x^^]. We will work mostly in the 
rings R[y, z, u] ^^ S[y, z, u\. Define 

p — yu + z V — xz + yp w = x u — 2xzp ~ yp (1) 

Let D = y-^ - 2z^ e LNDjiR[y, z,u], and observe ker D = R[y,p]- Hence |L) e LNDg 5[y, z,u], and 
■0 = exp(^)Z3 G Aut5 S'[?;, z, u] with det J-i/' = 1. Note that tp is essentially the Nagata automorphism. A 
quick computation shows ip = (y, -, ^). So we see S[y, z, u] = S[y, -, ^] = S[y, v, w]. Further, noting that 
D{p) = 0, so VXp) = P, we have y^ + {^)^ = p, i.e. 

yw + v'^ = x^p (2) 

Definition 1. For n > 1, the n-th Venereau polynomial is 

fn^y + x''v:^y + x"(xz + y{yu + z^)) (3) 

The following is well-known, but instructive: 
Proposition 1. (Venereau) /„ is a coordinate of S[y, z, u] for n > I and a coordinate of R[y, z, u] for n > 3. 
Proof. This is a simple computation, letting 9n = ip'^ ° {y + x"^^z, z,u) o ip. 

On^i'^^ofy + x^'v,-,^) 
\ X x^ / 

y + x"z;, - - i- {y + x'^v), — + 2'- ^ '-{y + a;"«) 

= {In, -{v - yp) - a;"" V« - x'^^^vwfn, -^{w + 2pv - p^y) + 2x'^^'^vw{v - yp)- 
X x'^ 

= (/„, z — x^^~^vw{y + a;"u) - x^^'^pv, 

u + 2x'''~^{xzvw) - y{x'^-^vwf - x"" V« - 2x^'^~'^pv'^w - x^'^-^v^w^) 

= (/„, Z - X^'-^Vwfn - X"- V, U + 2x"-3wu;(z - x'^-^vwfn - X"- V) + ix''-\wffn " x"" V") 

So for n > 3, 0„ e Endj,; R[y, z, u] D Auts S[y, z, u], and since J0„ = 1, we have 0„ £ Aut/j R[y, z, u\. 

D 



Closely examining 0„, one might hope that tweaking slightly the z or u component of the middle auto- 
morphism in the composition might eliminate the x'^~^ terms in 0„. This naive approach gives us 

Theorem 2. The second Venereau polynomial /2 is a coordinate in R[y,z,u\. 

Proof. Let ifn — i^~'^ ° {y + x^^'^^ZjZ — hx^~^^u,u) oip. Then we have (pn = '4'~^ {fn,-^ — ^x'^~^w, ^). One 
can check that (-0ov?„)(p) =p+^x'^'^~ w"^ and (/?„(p) = (^„(i/'(V'"^(p))) = (V'o V'n)(V'~^(p)) = {'^°fn)(.p) = 
p + ia;^"~^it;^. So we obtain 

^n = (/n,(- - lx"-'w) - ^(p+^x^^^~V){y + x"v), 

X 2 X A 

5 + ^b + i.— u,^)(^ - ix"-^) - i,b + \x^-'w-ny + x-v)) 

2 4 2 16 

= (/„,z - x^-\\w + i;p) - i:r2"-3^V«, 

u - x''-'^p{w+pv) + ia;2"-3^^,2 / _ 2;"-i(iu; + t;p) - ^x^"-^w^fn) + -^^^""^wVn) (4) 

Clearly for n > 2, (^„ G End/? i?[y, z, u] n Auts S[y, z, u], and since J(^„ = 1 we have (/?„ £ Autfl, i?[y, z, u]. 

D 

An enlightening way to understand what is going on is provided by the following picture: 

Auts S[y, z, u] = Ants S[y, v, w] 



Antn R[y,z,u] AutRR[y,v,w] 




Autii; R[y, z, u] n Autfl R[y, v, w] 

Essentially what one does in Propositions [1] and [5] is write down an element of Ant ji R[y,v,w] C 
Ants S[y,v,w] — Ants S[y, z,u\, a-nd then check that it is also an element of Ant j^ R[y, z,u\. Indeed, 
9n{y, V, w) — {y + x"t;, v, w) and (pn{y, v, w) — {y + x'^v, v — ^x'^w, w), so clearly we have 6^ and (pn both 
in the intersection Aut^ R[y, z, u] n Antji R[y, v, w]; we also have the additional property that in R[y, v, w], 
9n{y,v,w) = ipn{y,v,w) = {y,v,w) (mod x). It is interesting to note that this is too much to expect from 
an automorphsim with /i as a coordinate: 

Proposition 3. Suppose cj) £ AntiiR[y,z,u\ fl Aut/ji?[y, WjUi] with 4>{y) = /i. Then, viewing (j) as an 
element of AntRR[y,v,w], 4>{y,v,w) ^ id (mod a:). 

We require a brief lemma to proceed: 

Lemma 4. C[j/, v, w] fl {x)R[y, z, u] — C[y, v, w] n {x^)R[y, z, u] — [yw + v'^)'C[y, v, w] 

Proof. Clearly the relation yw + v'^ = x^p guarantees C[y,w,w] fl xR[y,z,u] D <C[y,v,w] D x'^R[y,z,u] D 
{yw + v'^)C[y, V, w]. So we simply need to see C[y, v, w] fl xR[y, z, u] C {yw + v'^)C[y, v, w]. Note that we 
have a map a : C[y, w, w] -t- C[2/, yp, —yp^] obtained from going mod x. Clearly yw + v^ is in the kernel of 
this map, so it descends to the quotient. Observing that 'C[y,v,w]/{yw + v^) ^ C[y, v, ^^], we have the 
following commutative diagram: 



C[y,v,w] ^ C[y,yp,~yp^] 




<C[y,v, ] 

y 

Note that 7 is in fact an isomorphism; hence ker /3 — ker a. But /3 is the quotient map, so ker /3 = {yw+v'^), 
and ker a = C[y,v,w] D {x)R[y, z,u\. 
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Proof of Proposition. Suppose for contradiction that (l>{y,v,w) = {y,v,w) (mod a;). Write 4>{y,v,w) = 
[y + XV, V + J2i=i x^Gi.w + X)i=i x^Hi) for some Gi, Hi G C[?/, v, w]. First we estabhsh 

Claim 5. 4>{p) — p E {x)R[y, z, u] . 

Proof. Since G AntRR[y, z,u\, we must have (j){xz) G {x)R[y^ z^u]. Note 

(j){xz) = 0(w - 2/p) = (w + ^ x^Gi) - {y + xv)4>(jp) 

1=1 

Going mod x in -R[y, -z, w], we see = w — y4>{p) = UP ^ Vpip) (mod x), hence 4>{p) = p (mod x). D 

In particular, we must have (j>{x'^p) = x^p (mod x^). We compute, in R/{x^R)[y, z,u\, 

X p = (j){x p) — 4>(yw + V ) (mod x ) 

= {y + xv){w + ^x'Hi) + (v + ^x'Gif (mod x^) 

EE x{yHi +VW + 2vGi) + x^{yH2 + vHi + G? + 2VG2) (mod x^) 



By the lemma, we must have yHi + vw + 2vGi = (mod {yw + v^)) and yH2 + vHi + Gf + 2vG2 = 

(mod {yw + v^)). We make the identification 'C^y , v , w\ / {yw + v^) = C[— — ,u, z«], and rewrite the first 

equation as ^^Hi + vw + 2vGi — 0. Since this is a domain, we see Gi = | (^-^1 ~ '^)- Rewriting the 
second equation and plugging in, we compute 



V 1_ / V \ ^ 1 

= H2 + VH1 + - i—Hi -w] +2wG2 = -w^ (mod w) 

w 4 \w I 4 



W 4 \W 

The last line clearly gives a contradiction. D 



To conclude this section, we give an expression of (^„ as an exponential. In [7] , Freudenburg showed that 
the automorphism e'xjp{x"~^vd) contained /„ as a coordinate (n > 3), where d = J{v, w, •) G LND/j R[y, z, u]. 
We observe that this is the same as our 0„: 



Proposition 6. 6'„ = exp(a::" ^vd) 

' dy 



Proof. Let D' = x^^^^zS- ~ x'^^^zJ{z^u, •). Note that since J-0 — 1, we have 



ijD'i\)-^ = x^v{^J{z, u, ■)^p-^) = x''~^vJ{v, w, ■) f^j = x''-^vd 

Thus On = V'"^ ° exp(D') o -0 = cxp{ipD'ip~^) = exp{x''-^vd). D 

Similarly for fn, let e = J{p + ^x^^^vw, w, •). 
Proposition 7. (/?„ = exp(ix"^^e) 



Proof. Let E' = a;"+i ({z + \x''+^u)-§- - iw^) = \x'^+^J{p + \x''+^zu,u, •)• As above, observe that 



lay 

i,E'r' = ix"+i(^J(p+ia;"+izu,w,.)V'-^) = \x--' J{p +\x-~\w,Wr) [^j^ = \x^-^e 
So we see (^„ — ip^^ o exp(£") oip — exp{'tpE'il}~^) = exp(ix"~-^e). D 

3 A new class of polynomials 

Upon looking at the expression of </?„ in ([?]), one may hope to compose with an automorphism to cancel 
off the terms with negative x-degree. In fact, if one allows modification of the y-coordinate, one can do so 
easily. Set «„ = exp(— ^a;^"~'^d) £ Auts S[y,z,u]. One can compute 

an = iy- \x^''w, z + x^'^'^^iyw + x^p) - ^x^---\x^yo), 

u - ^x^^-H2wz - V) - ^x4"-6(yu;2 + 2x^wp) + ^x6""9(x3u;2)) 
4 16 64 

= (y - -;x^"-w, z + -x^""^w(p - a;^""^-u;^) + -a;^""^w^w, 
^44 44 

4^4 -^2 16 ' 

Now using ([U, we get 

U + ^X^"-^w{p - -^x^^-^W^f ~ ix2"-3u;2z _ _La;4„-6^2 A ^ 

/„, z - x"-i(iu; + z;p) - ia;2"-3z^Vn, 
u - x''-^p{w+pv) + \<i?-'^'^w^{z - x"-i(iw + vp) - ia;2"-3^Vn) + ^a;^""^i«Vn 
And recalling from before that (/3„(u)) = w and (pn{p) = P + |a;^"^^w^, we obtain 

an o ¥?n = (/« - Ta:^"w, z - x""^ (-w + vp) + -x^'^^'^wp, u - x'^^^piw + pv) + -x^"" Vw') 

which is an element of Aut/? R[y, z, u] for all rt > 1 since w + pw = (mod x). Note that q;„ fixes w, so the 
composition fixes w. So /„ is a coordinate if and only if y + jx'^'^w is. Now consider the automorphism 
A = {ex, y, cz, c?u), where 0^"+^* = 4. Then (x, y + x^"w, *, *) = A^^ o (x, y + jx^"'w, *, *) o A. Let us define 
5m = y + x"^w; we have shown the following 

Proposition 8. y2n ^s a <C[x]- coordinate if and only if fn is a C[x]-eoordinate. 

This motivates the following: 

Question 4. Are g„i = y + x''^w coordinates in R[y, z, u] ? 

It turns out the answer is "yes" if m > 3. So this slightly stronger fact gives an alternate proof of the 
fact that /„ is a coordinate for all n > 2. The proof of this is given in more generality below in Theorem [5] 
We note that the above can be generalized slightly with a nearly identical proof. 

Remark 1. Let P{w) G R[w]. Then y + xvP{w) is a coordinate if and only if y + x^wP{w)^ is. 

It turns out the gm are very coordinate like: they are hyperplanes; coordinates upon going modulo x 
and coordinates upon inverting x; and stably tame, 1-stable variables. This is shown in more generality 
in the subsequent section. We mention these in particular here because of their special relationship to the 
Venereau polynomials via Proposition El 



4 Venereau-type polynomials 

Looking at /„, g^ G R[y, v, w] (recall R — C[x] and v,w £ R[y, z, u] are as defined in ([Ij), one may generalize 
these slightly and still retain all the coordinate-like properties. 

Definition 2. A Venereau-type polynomial is a polynomial of the form y + xQ for some Q G i?[f , w]. 

Note that Q — x'"-~^v gives /„ while Q — x"'-~^w gives gm- We first give a sufficient condition for a 
Venereau-type polynomial to be a coordinate. Note the similarities to Propositions [1] and [2] 

Theorem 9. If Q — x^Qi + xvQ2 for some Qi G R[v, w\ and Q2 G C[w^, w], then y + xQ is a coordinate. 

Proof. Write Q2 — J2'^a,bV^"'w^ for some aa,b G C Define ip G Aut^ R[y,v,w] by 

f = {y,v- -x^^aa,by°'w''+^+^,w)o{y + xQ,v,w) (5) 

It suffices to check that if G End/; R[y, z, u]. Let Q' — VQ2 + xQi, and Pi = wQi. Compute 

^^P) = ^ ((2^ + ^'^')^ + (" - ^^' E "-^"(2^ + x^Q'Tw^'+'f^ 

= p + ^ aa,6w(w^°w''+^ - {ywYw''+^) + xPi (mod a;^) 



= p + xPi (mod X ) 

ip{z) — —(p{v — yp) = —{v — y{p + xPi)) = z ~ yPi (mod x) 

X X 

(f{u) = -^v{w + 2vp - yp^) 

X 

= —{w + 2vp- yp^) + -{2vPi - 2ypPi)+ 
x'^ X 

i-p J2 o^a.by''w''+'+' +P^Y. o^a^bV^'^+'w'' - yP^) (mod x) 

= u + 2zPi - yPl (mod x) 



U 



It is interesting to note that the above automorphisms are stably tame; moreover, any automorphism of 
the above type, with a Venereau-type polynomial as a coordinate, must be stably tame. This is a consequence 
of the following, which arises quickly from the results of [4] (recall S = <C\x^x~'^]): 

Theorem 10. Let 4> G Auti^i?!"' with J4> =1. If (f> is tame in AutsS^"', and (/>, its image modulo x, is a 
composition of elementary automorphsims in AutcC^"!, then (f> is stably tame. 

Proof Fix TV G N, and set B = R/{x^)R and / = ^(0) = (x). Note B/I = R/xR ^ C; since G Autc C^"! 
is a composition of elementaries, [J Theorem 4.1 yields the image of cj) in Auts i?^"! is a composition of 
elementaries there as well. Combining this with the hypothesis (f> is tame in Aut^ S'^"' and applying [3] 
Theorem 4.5 yields (j> is stably tame. D 

Proposition 11. If Q — x^Qi -\- xvQ2 for some Qi G R[v,w] and Q2 G C[f^,w], the automorphism 
(p G AntRR[y,z,u\ given by ^ is stably tame. 

Proof. Observe that ip = {y,z — yPi,u + 2zPi — yPf) (mod x) with P\ — —yp^Qi G <C[y,p], which is a 
Nagata-type automorphism, and thus 1-stably a product of elementaries. By construction ip is 1-stably tame 
over S, so Theorem [TOl gives f is stably tame. D 

Corollary 12. If Q = x^Qi + XVQ2 for some Qi G R[v, w] and Q2 G C[i;^, w], any <j) G Aut_R R[y, z, u] with 
4>{y) — y + xQ is stably tame. 

Proof. If G Auti^ R[y, z,u] with (j){y) = y + xQ, then (j) o Lp~^ G Aut^^^j,] i?[j/][z,u]. The composition is 
stably tame by the main theorem of [1], so since ip is stably tame, so is (f>. D 



Next, we will show that all Venereau-type polynomials are coordinates upon going modulo x and upon 
inverting x, hyperplanes, and stably tame 1-stable coordinates. 

Theorem 13. Let f = y + xQ, Q £ R[v, w\ be a Venereau-type polynomial. Then f is a coordinate in 
S'[y, z,u], and f, the image upon going modulo x, is a coordinate in C[y,z,u\. 

Proof. Since Q € R[v,w], y + xQ is an elementary coordinate of R[y,v,w] and hence S[y,v,w]. Since 
S[y, V, w] = S[y, z,u\, / is a coordinate of S[y, z, u] as well. The second statement is trivial as f = y. D 

As mentioned in the introduction, one can see that Venereau-type polynomials are hyperplanes using the 
preceding theorem along with Sathaye's theorem. We give a more concrete proof as a consequence of the 
following fact (pointed out to me by Arno van den Essen), which also appears (with 6 = 0) in [S]. A special 
case of this was used in [TT] to show that /i is a hyperplane. 

Lemma 14. Let A be a commutative ring, a, 5 G A, and g G A[y]. Then A[y]/{y + ag{y) — 6) = A[y]/{ij + 
g{ay + b)). 

Proof. We compute below, where the first isomorphism is given by sending y to ay + 6; we then identify 
t = —g{ay + b), and use this to rewrite the relation in terms of t only. 

A[y]/iy + ag{y) - b) = A[ay + b]/ {a{y + g{ay + 6))) ^ A[ay + 6, <]/ {a{y + g{ay + b)),t + g{ay + b)) 
^ A[ay + b, t\l {a{y -t),t + g{ay + 6)) = A[t]/ {t + g{at + b)) 

U 

Corollary 15. Let A be a commutative ring, a,b £ At"' , and g G A^"' [y] . Then y + ag{y) — b is a hyperplane 
over A if and only if y + g{ay + 5) is a hyperplane over A. 

Theorem 16. Let f = y + xQ, Q G R[v,w], be a Venereau-type polynomial. Then it is R-hyperplane of 
R[y,z,u]; that is, R[y,z,u\/{f) =r i?[^l. 

Proof. Let po = xyu + z^, wo = ^ + ypo, and wq ~ xu — 2vopo + ypQ. By Corollary [151 it suffices to 
check that y + xQo is a coordinate for any Qo G R[vo,wo]. Let Dq — xy-^ — 2z-^ G Lf^Df; R[y,z,u], 
and set Vo = exp(^i:»o) = {y,Vo,^), so we see S[y,vn,wo] = S[y,z,u]. Observe that tpoiPo) = Po, 
so Po = ywo + Vq. Since 0o = {y -\- xQo,vo,wo) G Auts S[y, z,u] with JV'o = 1, it suffices to check 
9q G Endi{i?[y, z,m]. Indeed 9o{p) = P + xwqQq, so ^0(2) = v — {y -\- xQq){p + xwqQq) = z (mod x) and 
9o{u) = i (wq + 2vo{p + xwqQo) — (2/ + xQo){p + xwqQq)^) = u (mod x). Thus y + xQo is a coordinate 
and hence a hyperplane, so / = y + xQ is a hyperplane as well. D 

Before proceeding, we remark that Corollarv 1151 raises an interesting question: 

Conjecture 5. Let A fee a Q algebra, a,b £ Al"l , and g G A^"! [y] . Then y + g{ay + b) is a coordinate, if and 
only if y + a,g{y) — b is. 

This is weaker than the Embedding Conjecture, but the above proof shows that a proof of this conjecture 
would make every Venereau-type polynomial a coordinate. 

The next thing we prove is a generalization of a fact about /i from [lO . The motivation is the following 
well known lemma: 

Lemma 17. Let A be a ring, and f G A^"'. Then the following are equivalent 

1. f is a coordinate 

2. AM ^A[n A[ff-^ 

3. A[c] ["!/(/ — c) =A[c] A[c]["^"'^l, where c is an additional indeterminate 

In light of this, we may observe that 

Corollary 18. Let P{x,c) G C[x, c] = R[c], and set R — R[c]/{P). Let f be a Venereau-type polynomial. If 
f is a coordinate of R[y, z, u], then f — c is a R-hyperplane; i.e. R[y, z, u\/{f — c) =^ R}^^ . 



So if we found one such P for which a Venereau-type polynomial / is not a i?-hyperplane, then it could 
not be a coordinate. 

Theorem 19. For any of the following polynomials Pi G R[c] and any Venereau-type polynomial f — y + xQ, 
f — c is a Ri-hyperplane (where Ri :— R[c]/{Pi)). 

1. Pi := X — xq (where xq G C) 

2. P2 :— c ~ Co (where cq G C) 

3. P3 := x^ - c3 

Proof. For (1), first suppose xq = 0. Then f — c = y — c (mod x) is obviously a coordinate, hence a 
hyperplane. If xq G C*, then since / — c is a 5 coordinate, / — c is a coordinate when we go mod x — xq, and 
hence is a hyperplane. Part (2) follows very similarly to Theorem [161 but with b ^ cq in Corollary [TS] Let 
Qq be the image of Q under the map of Corollary [15] for 6 = 0, and Qi the image under the map for b = cq. 
RecaU {y + xQo,vo,'Wo) G Auts S[y,z,u]. Conjugating this by (y + ^,i;o,wo) gives {y + xQi,vo,wo), and 
one can check similar to Theorem 1161 that this is an element of End/j R[y, z,u\, and hence in Aut/j R[y, z,u\. 
So y + xQi is a coordinate and thus a hyperplane, so Corollary 1151 gives / — cq is a hyperplane. 

For (3), we follow the approach sketched in [TU] for the /„; this requires CoroUarv [T51 and the following 
(Corollary 1.31 from [8]), which is an application of the Abhyankar-Moh-Suzuki theorem: 

Lemma 20. Let a(y,z,u) G C[i][j/, z,u] be a t-coordinate, and let /3 G C[t]. If a{y,z,j3u) is a t-residual 
coordinate, then it is also a t-coordinate, and hence a <C[t]-hyperplane. 

The key idea from Q^ is that R3 = C[t'^,t^], and using the main theorem from that paper, it suffices to 
show the image of / — c in C[i^,<'^] is a C[i]-hyperplane. Note that the image of / — c is y-\-t^Q{t'^z-\-yp,t^u — 
2t^zp — yp^) — t^. Applying Corollary [TS] with a = b — t'^, it suffices to show y + t^Q{z + (y + l)pi,i^u — 
2tzpi — {y + l)Pi) where pi — t^{y + l)u + z^. It is trivial to check that this is a t-residual coordinate; so 
taking /? = t^ in Lemma [^ it suffices to show that y + t^Q{z + (y + l)p2i t'^u — 2tzp2 — ypi) is a coordinate, 
where P2 — (y + l)w + z'^. But aside from replacing t by x, we recognize this as y + x^Q conjugated by 
{y — 1, z, u), so we are done since y + x^Q is a coordinate by Theorem|9l 

D 

In [5], it was shown (essentially using Theorem [T51 and Asanuma's Theorem 1') that all Venereau-type 
polynomials are stable coordinates; however, no bound was given on the number of additional variables 
needed. It was previously shown in T] that for /i and /2, only one additional variable is needed. It turns 
out one is sufficent for all Venereau-type polynomials. 

Theorem 21. Let f ^ y + xQ, Q G R[v,w] be a Venereau-type polynomial. Then there exists G 
Ant j^ R[y, z, u,t] with (j){y) — f and (j) stably tame. 

Proof. Let Q = J2^a.,b,rV°'{—w)^x^ G R[v,~w] = R[v,w]. We will explicitly construct </> with the desired 
properties. For any a, & G Nq, let JUa^b G No be maximal such that Sa,b and e^^b are nonnegative, where 

Sa,b := a + 6 - TOa,6 <^a,b := a + 26 + 1 - 2771^,6 

Observe 2Sa,b — ^a,b = a — 1. Also define 

(a + 26 + 2)(l-ea,b) _ (a + 26+l)e,.6 

Pa,b,r .- aa,b,r 2(2to + 1) A^a.^r - "a.fa.r 2^+1 

(a -H 26 -H 2) (-eg, fa) _ (a + 26 -f 2)(-ma,bea,fc) 

^a,b,r • — ^a^b.r . '^a^b.r • — ^a.h^r . 

Kld!s •= -l^a,b,r{a -f b)ac,d,s - {Pa,b,r " Cia,b,r){PcA,s - ac,d,s) 

a.b.r ( I c \ 

'^c,d.s '■— ~Wa.b,r + Oa.bPa.b,r)Ctc.d,s 

K'Xs ■= -J ( (c + 2d) f t^c,d,s + 2k°^^;3 j + 4(a -I- b)aaM,rac,d,s + (a + 26 + 2)pa,b,r{pc,d,s - ac,dA 



One can quickly check 

{a + 2b + 2){ea,b + 2ma.b) 

^^a.bPa,b.r ^a,b.r — 0^a,b.r ^ /^ , -i \ ^^a,b^a,b,r '^a,b,r — U 



^a.bPa.b,r i '^0'a.b,r — ^a,b.r 



4(2m„,fc + 1) 
2 ) \2ma,b + l 



^a,b^a.b,r ~r ^'^a,b.r (^a.b,r 



a + 2b + 2\ f-ea.b 



Choose C,a.b,r.j and f/^'^j'^'"' such that 



"la,t 



"la, 6 racL,b 



J=0 

"la, 6 



J=0 
ma,b 



0=0 



^Z - E (-i)'""'^"^<ti" Ki: = E (-i)""'^"^.?<tr' 



J=0 



J=0 



Observe that we may do this by assuming, via an affine transformation, that ma^b > 1 whenever aa,b.r ^ 0. 
If 'Tia.t, — 1 then (7a.b,r = Ta_h,n SO such choiccs are possible; and clearly such choices may be made if ma.h > 2. 
Now define </>', G Aut;^ R[y, v, w] by 



a,h.r j— 
2 V^ V^ V^ „a,b 



2i+ea,byj"ia,b-i_ 



^' E E E<d;>'y'^''"'^-''^'°''(^*)'^"'^''^'"'''"^"'°''"'' 



a,b.r c.d,s j—0 



+ X ^ ,.,,.,/+^r+^^+^ + -^ E E -'<Zy 



a,b,r a+b+c+d-lf^,\a+2h+c+2d+2 



a.b,r a.b,r c,d.s 



,t) 



(j) = (y, v,w,t ~ x{yw + v )) o 0' o (y + xQ, w, w, t) o (y, u, w, i + x{yw + v )) 



We will show that (j) € Endii:i?[y, z, u] (and hence (j) e AutHi?[y, Zju]), and that it is stably tame. Let 
Qo, Qi, Q2, Vo, Vi, V2, Wo, M^i, T4^2 e C[y, z, u] such that Q ee Qo + a;Qi + x^Qa (mod a;^), 0(w) = v + xVo + 
x^Vi + a;'^V2 (mod x''), and (/'(w) = w + .tT4^o + x'^Wi + x^W2 (mod x''). Now we compute 



h26 



Qi = E(-l)''""^My"^'^"^"' + E(-l)''""^''^oy"^'" V+''"'(a + 25)z 

r— 1 r— 

Q2 - 5](-l)''aa,fc,2?/+y+''' + ^(-l)''aa,fc,iy"+'" V+''"'(a + 25)z+ 



r=2 



^(-i)V,My"+''"V+'''-' 



r=0 



(a + 25)2 _ (a + 45) 



z — b(yu) 



^o = Ey"^'p" 



+ 26+2 



A*a,6,0 



r=0 



W^i = E y"+V+''+Va,6a + E A^a,6,oy"+'- V+''+' [{a + b){pQo) + {a + 2b+ 2)iyt)] 



r=0 



Sr^ Sr^ ,a,b,0 a+bc+d-la+2b+c+2d+2 



r=0 s=0 



W2 = ^y"+V 



+26+2 



Ma,6,2 + Y. Ma,fc,iy"+'" V°+''+' [(« + b)ipQo) + {a + 2b + 2){yt)] - 

r=l 



\^ \^ ,a,h,l a+b+c+d-la+2b+c+2d+2 



E^«.My"+''-V+''' 



r— 


1 s=0 






r=0 


(« 


+ 6) (a 


+ 26 + 2)(pgo)(yt) 


fa 

+ 

V 


2 / 



(a + &)(OT^Qi) 



2^ \ , / a + ^\/ ri \2 



(pQo)^ 



E E <'rf' [(a + 6 + c + rf - 1)(pOo) + 



((a + 26) + (C + 2d) + 2){yt)] y-+b+c+d-2pa+2b+c+2d+l + ^ ^ ^a,Mya+6+c+d-lpa+26+c+2d+2_ 



r=0 s=l 



V^ V^ <ra>b,0 a+h+2(c+d-l) a+26+2(c+2<i)+2 

2^ 2^^c,dfiy p 



.b.O 



r-0 
^1 = E y^+V+^'+Va,;,,! + Ey"+''"V+"' [('Ta.^O + Sa,bPa,bfiKpQo) + {ea,bPa,bfi + 2n a .b ,o) {yt) - 



r=0 



2{m,,bPa,b.o - <^a,b.o)z] + E E <;^;°?/+^+=+'^- V+^^+^+^'^+i 



1^2 = E y"+ V^''^ Va,fc,2 + E y"^'" V 



+26 



r=2 



r=l 



((o-a,6,l + Sa.bPa.,b,l)ipQo) + {2aa.b,l + f-a.bPa,b.l){vt) + 



{2ma,bPa,b,l - 2aa,b,i)z) + E '^cldfiV"^''^ 



c+2d+l 



s=0 



J2 ?/+^- V+''"' [[(fTa,6.0 + <5a.6Pa,6,0)] (y/Ql) + 



2 [('^a,6,0 + <5a,60-Q,6,o) + {^aM - 1) (<^a,6Pa,6,0 + Cra,6)] (pQo)^ + [2(ra,6,0 + '^a,6CTa,6,o) + 
ea,6(o-a,6,0 + <5a,6Pa,6,o)] ipQo){yt) + 2 [-(ra,6,0 + '5a,6CTa,6,o) + ma.b{(ya,b,0 + <5a,6Pa,6,o)] (pQo)^;- 
- [2(2ra,6,0 + eQ,60-Q,6,o) + (ea,6 - l)(2cra,6,0 + ea,6Pa,6,o)] (y*)^ + 2 [(ma^bCTa^b^o - TQ^b,o) + 
f-a.b{ma.bPa.bfi - CTa,6,o)] (^0^ + [{<^a.b,0 - ma,bPa,bfi)] (vu) + 2 [-{ma,bO-a,bfi ^ Ta^bfi) + 
{ma,b - ^){ma,bPa,b,0 - CTa.bfi)] z'^] + E E ( I ^'^ + '^ ^ -"- + '^a.6)'«c,d|o + K^fi iPQo) + 
.6,0 , oxa,6.0 



r=0 s=0 



[(c + 2d + ea,6)<d;o + 2A° rflo {yt) + [2(m„,fcK°'^;° - A";^;!] 



Z 1 ya+''+c+rf-2pa+26+c+2d_ 



Y^ Y^ a,b,0 a+b+c+d-la+2b+c+2d+ 

2^z^'^c,d,iy p 



1 I V^ V^ a,6,0 a+26+2(c+d-l) a+26+2(c+2d) + l 



r=0 s=l 



r=0 s=0 



Now we would like to compute 0(p). One can check 4'{xp) = P_i + .tPq + a;^-Pi (mod a;'^), where 

P-i:=y{W(, + 2pVo-p'Qo) 
Po ■■= yiWi + 2pVi - /Oi) + OoW^o + V^ + 2z(K) - pQo) 
Pi := y(W^2 + 2pV2 - p^Q2) + Qou + QoWi + 2zVi + 2^0 V^i - 2zpQi + QiWo 

Lemma 22. P_i = Pq = 

Proof. It is easy to see that P_i = J2 y«+''+ V+^''+^ ip + 2p - a) = 0. Thus Wq = p'^Qo - 2pVb, so we may 
compute Po = y(Wi + 2pVi — p^Qi) + 2z{Vo - pQo) + {Vq - pQo)^, and observe 
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r—1 r—0 s—0 

[pafifl - aa,bfi){pc,dfl - o^cAfl)) (mod (2;, t)) 

= (mod(2,t)) 

Thus we must have 

Po = XI y"+V+^''+^ (yt [Ai(a + 2fe + 2) + 2(e/7 + 2cr)] + z [A{mp -a)-{a + 2b)a + 2{p - a)]) = 

D 

Lemma 23. Pi G C[y,p] 

Proof. Using P_i = Pq = 0, a straightforward computation shows 

Pi = yiW2 + 2pV2 -/Q2) - — {(Vo-pQo)^ + 2z(Vb -pQo)) + Qou + 2iVi-pQi){z + Vo - pQo) 

y 

One can check that Pi is of the following form: 

p ^ y^ ^ a+b+l a+2b+2 _|_ y^ V^ ^ a+b+c+d a+2b+c+2d+2 ^ 
r=2 r=l s=0 

J2J2J2 A3y''+'+^+''+''+f-'p^+^'+^+^^+''+^^'+^ + Y, y"+V+'''+H^4(2;t) + A5z)+ 

r=0 s=0 t=0 r=l 



X X y"+^+=+'^- V+2^+=+2^+i(A6(2;t) + ^7(2))+ 

So we simply need to check that the sums for A^, ■ ■ ■ Ag are zero and Bi = -62- 

A4 = p.i{a + 2b + 2) + 2(2cri + epi) = 

, f(a + 2b+l) (1 -e)', 

A5 = 4 mpi - ai - a a + 26 + 2 pi - ai - « a + 25 + 2 ^ — ^ - 1 + i- -{ = 

\ Zm + 1 Zm + 1 , 

A8 = Mor^ 2 ^ ) +(2(2ro + eo-o) + (e-l)(2(To + epo)) 

Ag ::= 4((m(To - To) + e(mpo - ctq)) + 2((epo + 2cro)) 

(a + 25+2)(a + 2fe+l)e fa + 2b + 2\ -e 

= q;o ;:; ; h 2q: 



2m + 1 V 2 y2m + l 

^6 = PaAoia + b)(a + 2b+ 2)ac,dfi + ^lola + 26 + c + 2rf + 2) + 2 ((2(Ta^b,o + <5a.6,cra.6,o)+ 

ea,fc(a'a,h,0 + <5a,6Pa,6,o))ac,d,0 + (c + 2(i + ea,6)Kc'd!o + '^K',d,o) + 2(ea,fcPa,6,0 + 2cra,h,o) (Pc,d,0 - ac,d,o) 

= (a + 26 + 2) f i^"'^ + Pa.bA'^ + ^)"c,d,o j + (c + 2d) f i^"'^ ^ + 2k"'^|q j + 4(ra,h,o + ^a,fccra,t,o)ac,<i,o+ 

4^c.'d!o + '^{^a,bPa,b,0 + '2(Ja,b,o){Pc,d,0 — Ctc,d,o) 
= {Pc,d,0 - ac,d,o) (-(a + 26 + 2)(pa,h,0 - ^0,6,0) + 2(ea,6Pa,fc,0 + CTa,h,o) - (a + 26 + 2)pa,fc,o) + 
4ac,d,o((Ta,h,0 + (Ja.b.Ofa.fc.o) - (a + 6)CTa,6,o) = 
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At = ^a,fc,o(a + b){c + 2d)ac,dfl + 2 {{cfafiS) + 5a,bPa,bfl){c + 2rf)ac,d,0 + 2 (-(ra,6,0 + '5a,hCra,h,o) + 
n^a,b(o-Q,6,0 + 5a.bPa.bfl)) (ac,d,o) + 2(ma,6K"'^^o - K]dfi)) ~ "^OLa.bfiiPc.dfi " ac,d,o) + 
2(0-^,6,0 + <5a,6Pa,6,o)ac,d,0 + '^l^l]d.O + ^ (2(m.a,fcPa,fc,0 " CFa.bfi) " aa,b,o(a + 26)) (pc,d,0 " "c.d.o) 
= (c + 2d) {p.afiA"' + b)ac,d,a + 2(cra,fc,0 + ^aMPaMfi)) - ^^Kldfi^ 

ac,d,0 (-4(7-0,6,0 + 5a,b(^a.b,o)) + {Pc.dfi " ac,d,o) (4(ma,6Pa,fc,0 " CTa.h.o) - 2Q;a,6,o(a + 26 + 1)) 
= -(c + 2d){pa,b,0 - aa,bM)iPcM,0 - acM,o) + (4(a + b)aa^b,0 ~ 4(ra,fc,0 + Sa,b<Ja,b,o)) ac,d,o + 

{Pc,dS) ~ aa,fc,o)(4(ma,f,,oPa,fc,0 " <^a,bS)) - 2aQ,6,o(a + 26 + 1) + (a + 26 + 2)pa,h,o) 
= -(c + 2d){pa,bfi - aa,bS)){Pc,d,o - ac,d,o) + (a + 26)(pq,6,o - aa,6,o)(Pc,d,o - "c.d.o) 

Observe that while A7 ^ 0, the sum X^r^o Es=o ^7^"^''^''^''"^?''^^''^''^^''^^ = by interchanging the 
sums for one of the two summands in the final computed expression for A-j. Now we check Bi = B2'. 

, , N / N/ NN /(a + 26)2 - (a + 46)\ , , ^ , ^^ 

Bx = 4(-(mcro - To) + (m - l)(mpo - cro)) - "o I ^ I + 2(2(topo - ctq) - ao(a + 26)) 

/(a + 26 + 2)(a + 26 + l)(TO) (a + 26)^ - (a + 46) ^. ^,, 
= ""(, 2;;^T1 2 '(" + '^) 

. 00 { r-n (2n. -H 1) _ rr!) . (« ^ 26)^ - (. + 46) _ _^ ^ \ 

\^ (2m +1) 2m + 1 2 / 

= "0 f ^ ((a + 26 + 2)(a + 26 + 1) - (a + 26)^ + (a + 46) - 4(a + 26)) - 7-^- T ^ ^j* " 
\2 2m + 1 V 2 

A _, 1 /a + 26 + 2 

= ao 6 + 1 



2m + 1 V 2 
-82 = 2(cro - mpo) + 6ao + ao 
1 /a + 26 + 2 



ao 



2m + 1 V 2 



D 



Now we compute 

0(xz) = 0(w - yp) = (u + xVo) - {v + xQo){p + xPi) (mod x^) 

= xz + x{Vq — pQo — yPi) (mod x"^) 

(j){x'^u) — (t){w + 2vp — yp^) 

= {-yp^ + x{-2zp + Wo) + x'^{u + Wi)) + 

2{yp + x{z + Vo) + x^Vi)(p + xPi + x^Pa) - [y + xQo + x^Qi){p + xPi + x^Ps)^ (mod a;^) 
= X {{-2zp + Wo) + 2{ypP, + {z + Vo)p) - (p'^Qo + 2ypP^)) + x^ {{u + Wi)+ 

2{ypP2 + {z + Vo)Pi +pVi) ~ y{2pP2 + Pf) - Oo(2pPi) - Qi/) (mod x^) 

= x{Wo + 2Vop-p'Qo) + 
x^ {u + (T4^i + 2pV^ - p^Qi + 2{z + vq)Pi - yP^ - 2pQoPi)) (mod x^) 

= x''{u - - {2z{Va - pQo - yPi) + [Vo - pQo - yPif)) (mod x^) 

y 

So clearly we have e End/;, P[i/, z, u]; further, setting P = -{Vq — pQo — yPi) £ C[y,p], we have 

(j) = (y, z + yP, u — 2yzP — yP^,t — Pi) (mod x). The first three components form a (stably tame) Nagata 
type autmorphism of C[y, z, u]; composing with the inverse of this yields (y, z^u,t — Pi) (mod x), which is 
tame (over C = R/{x)) as Pi G C[y,p]. Thus (/) is stably tame over R/{x); clearly it is tame over S* = P^ by 
construction, so by Theorem \W\ (p is stably tame. D 
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